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Quantum rigidity of negatively curved manifolds 


Alexandra Chirvasitu* 


Abstract 

We show that an isometric action of a compact quantum group on the underlying geodesic 
metric space of a compact connected Riemannian manifold (M, g ) with strictly negative curva¬ 
ture is automatically classical, in the sense that it factors through the action of the isometry 
group of ( M,g). This partially answers a question by D. Goswami. 
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Introduction 

This paper is essentially a continuation of [7], and it similarly deals with quantum symmetries of 
compact metric spaces. 

The framework is that of compact quantum groups, as introduced by Woronowicz in [25]. These 
are Hopf algebras with some additional structure and properties tailor-made to imitate algebras of 
sufficiently well-behaved functions on compact groups. They fit well within the wider scheme of non- 
commutative geometry [8], and should be thought of as algebras of functions on “non-commutative 
spaces” equipped with a group structure. 

Much of the theory of compact groups generalizes to the quantum setting, and the field has 
developed quite explosively. One prevalent point of view (and the one we adopt here) is that 
compact quantum groups should be thought of as implementing “quantum symmetries” of various 
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algebraic or geometric structures. Examples of such structures for which this works well and 
produces interesting examples abound: finite-dimensional Hilbert spaces [22], finite graphs [5], 
operator algebras [6, 23, 24], Riemannian manifolds [4] and so on. In fact, even as simple a 
structure as a finite set has interesting quantum automorphisms. This is the conclusion of [23], 
where the quantum automorphism group of a finite space is shown to be strictly larger than the 
usual permutation group. 

One ubiquitous type of structure in geometry is that of a metric space. Banica first introduced 
in [3] the notion of isometric action of a quantum group on a finite metric space, and the concept 
was later extended to arbitrary compact metric spaces in [13]. In rough terms (to be made precise 
in §1.3) an action of a quantum group on a compact metric space (X, d) is isometric if the distance 
function d, regarded as a function on X x X, is invariant under a kind of diagonal action. 

The concept of a distance function, which is global in nature, has an infinitesimal analogue: that 
of a Riemannian metric. Structure-preserving actions of quantum groups on Riemannian manifolds 
were defined earlier in [4], and one striking phenomenon discovered in [9] is that compact, connected 
Riemannian manifolds have no truly quantum symmetries: Any structure-preserving action by a 
quantum group on such a manifold factors through an isometric action of an ordinary compact 
group (we also say that the action is classical ). 

A Riemannian manifold X can be naturally made into a metric space by means of the geodesic 
distance. One is now confronted with two possible notions of quantum isometry: the global one of 
[13] and the infinitesimal one of [4]. They are only conjecturally equivalent, with the global notion 
being weaker. Taking a cue from [9], one can then ask the same type of rigidity question: Are 
all isometric quantum actions on the underlying metric space of a compact connected Riemannian 
manifold classical? 

One of the main results of the paper is that indeed they are under a curvature constraint (see 
Theorem 5.1): 

Theorem The underlying metric space of a compact, connected Riemannian manifold with negative 
sectional curvature has no truly quantum symmetries. 

The curvature condition is crucial in the proof, but along the way we develop some geometric 
techniques that one might hope are of some interest in their own right and could be useful in 
studying quantum isometries of more general manifolds. 

One final observation is that the type of rigidity problem studied here, of when a quantum action 
is classical, has counterparts in somewhat different settings that suggest some general principles 
are at work. In other words, the ‘quantum rigidity’ in the title (i.e. the absence of truly quantum 
symmetries) is a phenomenon of some scope and interest. 

To give just one example, a coaction of a sufficiently nice finite-dimensional Hopf algebra on a 
commutative domain is classical (this is the main result of [11]). There do not seem to be direct 
implications between this and the previously-mentioned results, but the analogy is clear: [11] is an 
algebro-geometric version of the rigidity theorems mentioned above, which are grounded in metric 
/ Riemannian geometry. 

The paper is organized as follows: 

Section 1 contains preparatory remarks and results on compact quantum groups and their 
actions on (mostly classical) compact spaces. 

In Section 2 we study the notion of orbit for an action of a quantum group on a compact space. 
The concept is ambiguous, as the various definitions proposed in [14] are not known to coincide. 
Nevertheless, we prove that they do when the action in question is isometric. 

The main result of Section 3 (Proposition 3.4) introduces a sufficient condition for an isometric 
action of a quantum group on a metric space to factor through an action of an ordinary compact 
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group (i.e. for the action to be classical). Intuitively, the condition demands that there be a point 
whose behavior under the action “determines the action” entirely. 

The typical situation to keep in mind is that of a faithful action X x G X of a finite group 
G on a compact connected Hausdorff space X: There must be a point x € X with trivial isotropy 
group in G. This will then imply that elements of G can be distinguished by what they do to x 
alone. 

The first main result of the paper is Theorem 4.1 in Section 4. It states that if the metric space 
acted upon is the underlying geodesic metric space of a compact, connected Riemannian manifold 
and the action has finite orbits, then it is classical. 

Finally, in Section 5 we show that if the Riemannian manifold acted upon isometrically by 
a quantum group has negative sectional curvature everywhere, then the finiteness condition in 
Theorem 4.1 is automatically satisfied. In conclusion, such actions are always classical. 
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1 Preliminaries 

We will assume some basic working knowledge of operator algebras (C* 
amply covered by any number of texts on the topic (say [20]). Unless 
algebras are unital and associative. 

Some notational conventions in place throughout the paper: 

• The tensor product symbol ‘(g)’ signifies the ordinary, algebraic tensor product when placed 
between algebras with no topological structure, and the minimal or injective C* tensor product 
when appearing between two C*-algebras ([20, Chapter IV, Definition 4.8]). 

• For an algebra A, the symbol A* similarly changes meaning depending on the nature of A: If 
it is simply an algebra with no extra topological structure, then A* is the full dual, consisting 
of all linear functionals on A. If on the other hand A is a C*-algebra, then A* is the set of 
continuous linear functionals. 

• The set of states on a C**-algebra A (that is, unital, positive continuous functionals) is denoted 
by S(A). 

• Measures always live on metrizable compact Hausdorff spaces, so in particular they are reg¬ 
ular. 

• For a space X we will typically conflate points x £ X and the corresponding Dirac delta 
measures 5 X , and hence tacitly regard A as a subspace of its space Prob(A) of probability 
measures. 

1.1 Quantum groups and actions 

Recal the notion of compact quantum group in wide use throughout the literature (e.g. [23, 19, 13] 
or the survey [17]). We will generally omit the word ‘compact’ and simply refer to these objects as 
‘quantum groups’. 


and von Neumann), as 
specified otherwise, all 


3 


Definition 1.1 A quantum group (A, A) is a unital C*-algebra endowed with a C*-algebra homo¬ 
morphism A : A —> A ® A satisfying the following properties: 

(1) A is coassociative, in the sense that the diagram 


A 



A® A 
A® A 


A®id 



id® A 


commutes; 

(2) The subspaces 

and 


linear span{(a ® 1)A(6) j a, b € A} 
linear span{(l <g> a)A(b) \ a,b € A} 


are norm-dense in A ® A. ♦ 

We will often abuse terminology by just writing A for (A, A). 

Two functionals £l* can be multiplied by means of the comultiplication: By definition, 
<pip is the composition 


A 



ipip 


This makes A* into a semigroup (that is, the multiplication is associative), and S(A) is a sub¬ 
semigroup. 

The so-called Haar state of a quantum group (A, A) plays the same role that the Haar measure 
does for classical compact groups: We have 

hip = ph = h, \/ip € A*. (1) 

The existence of the Haar state is proven in [25, 4.1] in the separable case and in [21, 2.4] in general. 

Remark 1.2 If the Haar state h is faithful, the quantum group is reduced. 

Every quantum group A surjects onto a reduced one A r : Simply take A r to be the (7*-algebra 
obtained by the GNS construction applied to A and h. ♦ 


1.2 Actions on spaces 

Recall from the introduction that we think of quantum groups as implementing “quantum symme¬ 
tries” of various mathematical objects. Here, these are operator algebras thought of as function 
algebras of possibly non-commutative spaces, perhaps equipped with some additional structure. 
For this reason, the notion of action to be used in the sequel is as follows: 

Definition 1.3 Let (A, A) be a quantum group, and B a C*-algebra. A right coaction of A on B 
is a C* homomorphism p : B —>• B ® A such that 
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(1) The diagram 


commutes; 

(2) The subspace 


is dense in B ® A. 



B ® A 
B®A 


p®id 


B ® A® A 


id® A 


linear span{(l ® a)p(b ) | a £ A b £ B} 


♦ 


Remark 1.4 The quantum group A coacting on B can always be assumed to be reduced if con¬ 
venient: If r : A —> A r is the surjection from Remark 1.2, then the composition 


id <8 )t 


can be shown to be a coaction again. 


♦ 


Below, B will mostly be commutative; in other words, the algebra of continuous functions on a 
compact Hausdorff space. 

Definition 1.5 Let ( A , A) be a C* quantum group and X a compact Hausdorff topological space. 
A (right) action of A on A is a coaction of A on C(X) as in Definition 1.3. ♦ 

Remark 1.6 Definition 1.5 is justified by the fact that when A is the function algebra of an 
ordinary compact group G, Definition 1.3 does indeed specialize to a right action of Gon I. ♦ 

Given an action p be an action of A on X as in Definition 1.5, let <p £ A*. The composition 

C(X) C(X) ® A C(X) 


is a self-map on C(X), which we denote by cp>. As tp ranges over A*, these maps constitute a 
left action of the semiring A* on the vector space C(X). The restriction of this action to the 
sub-semigroup 5(A) C A* will again be denoted by >. 

The semiring A* similarly acts on the right on the Banach space Xi(X) = C(X)* of complex 
measures on X. The result p<up of acting with ip £ A* on p £ M(X) is the measure defined by 


C(X) <g> A 





< restricts to an action (denoted by the same symbol) of 5(A) on Prob(A) = S(C(X)). 
We also need to know what it means for a quantum group to act faithfully. 
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Definition 1.7 A coaction p : B — >• R <g> A of a quantum group A on a C*-algebra B is faithful if 
the set 

{(// <8> id)(p(b)) \ b€ B, p, € S{B)} C A (2) 

generates A as a C*-algebra. ♦ 

Remark 1.8 It is mostly harmless to assume a coaction is faithful: The C'*-subalgebra of A 
generated by (2) is itself a compact quantum group coacting on B, and p factors through this latter 
coaction (which is faithful). ♦ 

With this in place, we can remind the reader that reduced quantum groups acting faithfully 
on a classical compact space are of Kac type, in the sense that they admit an antipode. In other 
words, there is a bounded, involutive, multiplication-reversing map k : A —> A that plays the same 
role as the map / i —> /(•~ 1 ) for continuous functions / on an ordinary compact group. This is [14, 
Theorem 3.23], and we refer to that paper for details on this point. 

1.3 Isometric actions 

We now specialize the discussion to compact metric spaces (X,d), reserving the symbol p for an 
action by a quantum group (A, A) on X. We always assume that p is faithful and hence A admits 
an antipode n. 

This section gathers some auxiliary results on distance-preserving actions that are needed below. 
First, recall the following notion (cf. [13, Definition 3.3]; such actions are called (D)-isometric in 
[7, Definition 1.6]): 

Definition 1.9 For x G X, let d x G C(X) the function defined by d x (y) = d(x,y). If A is reduced, 
the action p is isometric if 

P{dy)(x) = n(p(d x )(y)), Vx, y G X, (3) 

where for / G C(X), p(f)(x) is the evaluation at x on the left hand tensorand of the element 
p(f) G C(X) <g> A. 

In general, p is isometric if its reduced version p r defined in Remark 1.4 is isometric in the sense 
of the above paragraph. ♦ 

Remark 1.10 This is the quantum analogue of the usual requirement that 

d(xg,y ) = d(x,yg -1 ), Mx,y G A, Mg G G. 

for a right action of a compact group G on A. ♦ 

In order to state the next theorem we need some terminology. 

Definition 1.11 For probability measures p, and v on X the set II(/r,z^) of {p,v)-couplings is the 
set of measures vr G Prob(X x X) such that 

Pu(n) = p,, P2 *(tt) = v, 

where pi are the projections X x X —> X. ♦ 

[7, Theorem 3.1] (slightly paraphrased) now reads: 
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Theorem 1.12 If an action p of a quantum group A on a compact metric space ( X , d) is isomeric, 
then for every two points x, y £ X and every state if £ S(A r ) there is a coupling i r £ U(x<if,y<if) 
supported on 

{{x',y') £ X x X | d(x',y') = d{x,y)}. 


Remark 1.13 Here, states of A r act on Prob(X) via the reduced action p r from Remark 1.4. 
Equivalently, it is the action of S(A ) on Prob(X) (induced by p) restricted to S(A r ) C S(A). ♦ 

We make one last observation on what the conclusion of Theorem 1.12 entails. 

Recall first that the Kantorovic distance on Prob(X) [16, 15] is an extension of d defined by 


d{p, v)= sup (//(/) - v{f)), V/x,i/ £ Prob(X), (4) 

L{f)< 1 


where p(f) = f x f dp, and L(f) is the Lipschitz constant of /: 


L(f) =sup 

x^y 


I f(x) ~ f(y)\ 

d(x,y) 


It is a result due to Kantorovic and Rubinstein [15] that the distance d defined by (4) has 
another expression as 

d{p,v) = inf / d(x,y) dir. 

Tren JxxX 

As a consequence of this and Theorem 1.12 we have 
Corollary 1.14 Under the assumptions of Theorem 1.12 we have 


d(p <if,u <if) < d{p , v) 


for all p, u £ Prob(X) and if £ 5(A r 


2 Orbits 

We gather together the various notions of orbit for an action of a quantum group on a compact 
space and show in this section that they all coincide for isometric actions. 

Let us first review the three competing notions of orbit introduced in [14, §4.2], The notations 
from above are still in place, with A being a compact quantum group acting faithfully on X via 
p : C(X) —>■ C(X) <S> A and h £ A* the Haar state on A. Recall also that we are denoting the 
antipode of A by k. 

Classically, the orbit of a point x £ X under the action of a compact group is the result of 
“smearing” x around via the action. It turns out there are several ways to make sense of this in the 
half-quantum situation when A is no longer (the function algebra of) an ordinary compact group, 
and in general they are only conjecturally equivalent: 

(a) One possibility would be to declare the orbit to be the support of the measure x<h £ Prob(X); 
this measure is denoted by p x in [14, §4.2] 
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(b) Another option: Consider the composition 


C(X) C(X) ® A xSld > A ^ 

where x here is though of as the Dirac measure 5 X : C(X) — > C. The image of the composition 
is a quotient C*-algebra of C(X), so it is the function algebra of a subspace of X. Declare 
this subspace to be the orbit; this is Ai x from [14, Definition 4.6]. 

(c) Finally, we can define an equivalence relation ~ on X by 

x ~ x' <*==> x < h = x' < h 

and define the orbits to be the equivalence classes; the class of x is denoted by Orb^ in loc. 
cit. 

[14, Conjecture 4.19] says that all of these coincide for an arbitrary action. We prove this 
conclusion below under the assumption (in place from now on) that the topology of X is given by 
a metric d with respect to which p is isometric. We can thus refer unambiguously to the orbit of a 
point under p. 

Denote the closed ball of radius r > 0 centered at x £ X by B(x, r) and <p o k by Tp for ip £ A*. 
Proposition 2.1 The action p is isometric if and only if 

(x<<p)(B(y,r)) = {y <Tp) (B(x,r)) (6) 

for all x,y £ X, p> £ S(A r ) and non-negative r. 

Proof The result is essentially contained in [7], but we need to unpack the language used there. 
Let us assume throughout the proof that A is reduced (see Remark 1.4). 

Because it is sometimes more convenient to work with Borel functions (such as characteristic 
functions of balls in a metric space), lift the algebra morphism (5) to a map W(X) —> A, where 
}V(X) is the enveloping von Neumann algebra of C(X) ([20, Section III.2]) and A is the enveloping 
von Neumann algebra of A. For every Borel set S C X, denote the image of the characteristic 
function xs through this map by a x -s- 

With this in place, [7, Lemma 3.4] says that the action p is isometric (the term there is ‘(D)- 
isometric’) if and only if 

^x-,B(y,r) ^ * TX. y £ A, V? ^ 0. 

Now simply evaluate ip £ S(A) against this equality; the result is exactly (6). ■ 

Corollary 2.2 If p is isometric and £ S(A r ) and y = x <up is a point, then y <Tp = x. 

Proof Applying Proposition 2.1 to the points x and y with r = 0 will result in (y <\Tp) (x) = 1, 
meaning that the probability measure y <Tp is supported at x. ■ 

Corollary 2.3 For isometric actions the definitions (a), (b) and (c) from above coincide. More¬ 
over, all are equal to the set 

Mf x = {y £ X | 3ip € S(A r ) such that x <up = y}. 

as well as 

M." x = {y £ X | 3ip £ S(A) such that x < ip = y}. 
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Proof According to [14, Theorem 4.18] we have supp p x C M x C Orb x and moreover supp p x = 
M x if A is reduced. 

Step 1: The sets M' x form a partition of X. Define a relation ~ on X by 

z ~ z' •<=>■ 3p £ S(A r ) such that z <p = z'. 

It is transitive because < is an action of the semigroup S^Ar), and it is symmetric and reflexive by 
Proposition 2.1. Symmetry is immediate; to verify reflexivity, note first that there is always a state 
p such that x < p is a point. Indeed, simply select a <p that restricts to a pure state on the image 
of (5). But now Corollary 2.2 says that x < (pp) = x i hence the reflexivity claim. 

We now know that ~ is an equivalence relation, and the sets of the form Corollary 2.3 are its 
classes. This concludes the proof of Step 1. 

Step 2: M x = M x . This is almost tautological: M x is by definition the spectrum of the 
image of (5), i.e. the set of pure states of this image. These are exactly the multiplicative states 
y £ X on C(X) that factor through (5), i.e. of the form <p o (5) for some state p on A. Finally, 
y = p o (5) precisely means y = x < p. This finishes Step 2. 

Step 3: The reduced case. Now consider the reduced version p r of the action (Remark 1.4). 
The sets M! x and M x for it coincide, so Steps 1 and 2 ensure that the sets M x (for p r ) partition 
X. But then, since Orb x also partition X by definition, each Orb x comprises several M y . Since 
the latter however contains the support of p y = p x , Orb^ cannot possibly consist of several disjoint 
Xi y and so supp p x = M x = Orb x when A is reduced. 

Step 4: The general case. Since supp p x and ()rb 7 . do not change when passing to the reduced 
version of the action and M x is always trapped between them, Step 3 shows that supp y x = M x = 
Orba, for arbitrary isometric actions. 

This set is also equal to M x by Step 2, and similarly it is equal to M x because passage to the 
reduced action p r identifies M x with M" x and does not change Orb^. ■ 

3 A criterion for an action to be classical 

This is a short section and a bit of a detour, in that it is not concerned with metric structures. The 
title means the following: 

Definition 3.1 An action p of a quantum group A on a compact space X is classical if it can be 
realized as a composition 


C(X) 


C{X)®C(G) 


id <g>T 

C(X) (g> A 



for an action p' of an ordinary compact group on X and a morphism r : C(G ) —>• A of compact 
quantum groups. ♦ 


Remark 3.2 If p is faithful (Definition 1.7), then classicality is equivalent to A being commutative. 
This will be the case we are most interested in. 

Moreover, p is classical if and only if the reduced version p r from Remark 1.4 is. Indeed, the 
surjection A —> A r is one-to-one on the dense Hopf *-subalgebra of A consisting of “representative 
functions” on the quantum group (e.g. [17, 3.1.7]). ♦ 

Now consider an action p as in Definition 3.1. We will need the following notion. 
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Definition 3.3 A point x G X is a pivot for p if for every point y G X and every state (p G S(A) 
such that x < p is a point the probability measure y < p only depends on x <p. ♦ 

The main result of this section says the following: 

Proposition 3.4 An action admitting a pivot is classical. 

Proof We assume p is faithful and try to prove that A is commutative (see Remarks 1.8 and 3.2). 

Recall the notation J\A X from the previous section: It was the spectrum of the image of the 
map (5), and one candidate for the orbit of x under p. Denote the commutative C*-subalgebra 
C(My) < A by A y for ?/ G X. The pivot hypothesis ensures that the restriction of a state p to A y 
is determined by its restriction to A x so long as this restriction is multiplicative; indeed, this latter 
multiplicativity requirement is equivalent to x < p being a point. 

Claim: All A y , y G X are contained in A x . Suppose A y $7 A x for some y G X and let 
a G A y \ A x be a positive element. 

Define 

L a = { positive b G A x \ b < a} 

and 

U a = { positive c G A x \ a < c} 
and let -0 G S(A x ) be a multiplicative state on A x for which 

sup V’(fr) < inf ip(c). (7) 

be L a cei » 

To see that such a state exists, note first that the set 

{c — b | c G U a , b G La\ (8) 

is bounded away from zero in norm (otherwise we could find elements b G L a arbitrarily close to 
a and hence a would belong to A x ). Now, if s > 0 is a lower bound for the norms ||c — 6||, then 
regarding the elements of A x as continuous functions on Ai x , the sets 

{z G M x | (c - b)(z) > s} (9) 


are all non-empty. 

Note furthermore that L a is closed under taking suprema and U a is closed under taking infima 
with respect to the standard partial order on A induced by the positive elements, and hence (8) is 
closed under infima. This means that the collection of sets (9) is closed under intersections; since 
all such sets are compact and non-empty, their intersection is also non-empty. Finally, simply take 
"0 G S(A X ) = Prob(A4 x ) to be one of the points in this intersection. 

According to [18, Lemma 2.13], for any iGK between the two numbers in (7) if) can be extended 
to a positive functional tp on all of A such that <p(a) = t. Since (f> is also unital, it must be a state. 
The range of choices for t means that the restriction to A y of such an extension is not uniquely 
determined by the multiplicative state contradicting the pivot condition. This concludes the 
proof of the claim. 

We now know that the C*-subalgebra of A generated by A y , y G X is commutative. The 
faithfulness condition ensures that this C*-algebra is A itself, finishing the proof. ■ 
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4 Actions with finite orbits are classical 

We now return to the metric setup. Recall that in the setting of isometric actions we can refer 
unambiguously to orbits in any of their various guises (Corollary 2.3). The main result of the 
section is 

Theorem 4.1 An isometric action with finite orbits on the underlying geodesic metric space of a 
compact, connected Riemannian manifold is classical. 

Starting here and throughout the rest of the paper (X, d) is a compact metric space and p an 
isometric action of a quantum group A on it. The proof of Theorem 4.1 proceeds through some 
auxiliary results. 

For two subsets Z, Z' C X denote 

d(Z 1 Z')= inf d(z,z). 

zeS,z'£T 

Lemma 4.2 For any x,y G X we have 

d( Orb*, Orby) = d(Oib x ,y). 


Proof A priori we have 

d(Orb x , Orb. y ) = inf d(Orb x ,y'), 

j/'SOrbj, 

so we will be done if we show that all distances d(Oib x ,y') for y' € Orb y are equal. 

Fix some arbitrary y' € Orb y , and assume d(Ovb x ,y) is equal to d(x,y) (it is achieved at some 
x' G Orb x by compactness, and we may as well suppose x' = x since Ortv = Orb x ). Let p G S(A r ) 
be a state such that y' = y <up (Corollary 2.3). 

Now, by Theorem 1.12 there is a (x < <p, y < y>)-coupling supported on the set of pairs of points 
that are r = d{x, y) = d(Orb x , y) apart, so x<tp must be supported on the sphere of radius r around 
y' = y <up. In particular, there are points of Orb x on that sphere and we have 

d(Orb x ,y) < d(Orb x ,y). 

But y and y' play symmetric roles, so this is actually an equality. Since y' € Orb^ was arbitrary, 
we are done. ■ 

Lemma 4.3 For every positive integer n, the set X> n of points whose orbit has at least n elements 
is open. 

Proof Let x be a point whose orbit has at least n elements, and y G X any point outside Orb x (if 
Orb x = X there is nothing to prove). 

First, I claim that we may assume without loss of generality that d(y, Orb^) = d(y,x). The 
argument for why this is so is very similar to the one from the proof of Lemma 4.2. 

By compactness d(y, Orb x ) = d(y,x') for some x' G Orb x . Now let p> G S(A r ) be a state for 
which 

x' < (p = x (10) 

(one exists by Corollary 2.3). By Theorem 1.12 there is a coupling ir G II(y < <p,x' < <p) supported 
on the set of pairs of points of X that are d(y, Orb x ) apart. This together with (10) implies that 
y < p is supported on the sphere of radius d(y, Orb x ) around x, and hence that there are points in 
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Orby on this sphere. To prove the claim, simply substitute such a point for y; its distance from 
Orb x is still d(y, Orb x ) by Lemma 4.2. 

Now let Xi be n distinct points on Orb x for 0 < i < n — 1 with xq = x, and choose y as above 
so that d(y, Orb.*.) is very small (smaller than say half of rnirijj d(xi, Xj )). Just as in the argument 
above, n states ipi € S(A r ) such that x<upi = ay will turn y into measures supported on the spheres 
of radius d(y, Orb x ) centered respectively at x t . Since these spheres are disjoint, they contain n 
distinct points in Orb y . 

The conclusion is that every y whose distance from Orb x is small enough contains has an orbit 
of cardinality at least to, as desired. ■ 


Lemma 4.4 If X is a compact connected Riemannian manifold and d is its underlying geodesic 
metric, then the set X> n from Lemma f.3 is either empty or dense. 


Proof Assume that X> n is non-empty, and let y £ X be arbitrary with x £ X> n such that 
d{y, Orb x ) = d(y,x). 

Connect y and x by a minimizing geodesic 7 , i.e. one whose length t is exactly d{y,x). 
Parametrize 7 by arc length so that 7(0) = y and 7 (£) = x and let z = 7 (e) for some small 
e > 0. I claim that z £ X> n . Assuming this for now, we can finish the proof: Any point y has 
elements z £ X> n arbitrarily close to it. 

It remains to prove the claim that z belongs to X> n . 

Let Xi, 0 < i < n — 1 be n distinct points in Orba; and ifi £ S(A r ) states such that Xi = x < 1 tpi. 
By Theorem 1.12 there are (y < <fi, z < (^j)-couphngs supported on the set of pairs of points e apart, 
so we can find y* £ supp(y <1 ipf) and z z £ supp(z < ipi) with d(yi, zf) = e. Moreover, just as in the 
proofs of Lemmas 4.2 and 4.4 we also have 


d(yi, x^ = l, d(zi,Xi ) = l-e. 
The situation is depicted schematically below. 





7 


All of the arcs depict minimizing geodesics constructed as follows: For each i connect y* to Z{ by a 
minimizing geodesic, as well as z* to Xi. The two geodesics continue one another at Zi (we will say 
that they are collinear): The composite path 7 $ realizes the minimal distance l between y* and x, 
and so it must itself be a geodesic. 

It remains to argue that z.- L are distinct. Indeed, if z.- L = Zj for i ^ j then 7 j and 7 j intersect at 
this common point, but they cannot coincide because x t 7 ^ Xj. It follows that the length-e segment 
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of 7 i from y., to Zi = Zj and the length- (£ — e) segment of 7 j from Zj = Zi to Xj are not collinear: 



The composite of these two non-collinear geodesic arcs (red path in the picture above) cannot be 
minimizing from y, to Xj, so d(yi,Xj ) is strictly smaller than l. This contradicts the fact that 
^(Orby, Orbz) is equal to i = d(y,x ) = d(y , Orb x ) by Lemma 4.2. ■ 

We henceforth specialize to the setup from Le mm a. 4.4: (X, g) is a compact, connected Rieman- 
nian manifold and d is its geodesic metric. 

Corollary 4.5 Under these assumptions, if all orbits are finite then they are uniformly bounded 
in size. 

Proof In other words, we want to prove that the set of orbit cardinalities | Orb x | has a maximum 
as x ranges over X. 

Suppose all X> n are non-empty. They are then all open and dense by Lemmas 4.3 and 4.4, and 
their intersection is non-empty (and in fact dense) by Baire’s Category Theorem. This contradicts 
the finiteness of all orbits. ■ 

Definition 4.6 Under the hyptheses of Corollary 4.5 a generic point x £ X is one whose orbit has 
maximal cardinality. ♦ 

The following result will be key to the proof of Theorem 4.1. 

Lemma 4.7 Under the hypotheses of Theorem f.l let x £ X be a generic point and p £ S(A r ) be 
a state such that x < ip = x. Then, y <\p> = y for all points y £ X. 

Proof Let n = | Orb x | and denote the elements of the orbit by Xi, 0 < i < n — 1 with xq = x. Fix 
an arbitrary point y £ X, and let 7 be a minimizing geodesic arc from x to y. We have to show 
that the set 


S = {z £ 7 | all points on the segment [x, z] C 7 are fixed by <1 p} (11) 

comprises all of 7 . Since 7 is connected, it is enough to show that S is both open and closed (it is 
non-empty, since x £ S). 

Closure is immediate since <ip is a continuous self-map of Prob(X) with respect to the usual 
weak* topology on the latter set regarded as a subset of C(X)*. 

To see that S is also open, let z £ S be a point different from y (if z = y there is nothing to 
prove). We split the remainder of the proof into two cases. 

Case 1: z = x. Let z' € 7 be very close to x = £;(closer, say, than half the number 
min a ./^// G o rba , d(x',x"). 

<\Lp sends z' to probability measure supported on the sphere of radius d(x, z') centered at x. If 
this probability measure is not z' itself, then there must be at least one other point from Orb-/ on 
this sphere. 
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Just as in the proof of Lemma 4.3, states <pi that send x to 27 , 0 < i < n — 1 of Orb x will turn z 
into measures supported on the spheres Si of radius d(x, z') around Xi respectively. Since d(x, z r ) is 
so small that these spheres do not intersect, there is at least one element of 0 rb 2 / for each sphere. 
But there are n spheres and by assumption n is the maximal cardinality of an orbit, so there is 
exactly one element of 0 rb 2 / on each Si. 

Now, <ip fixes x and so as before, sends z' to a measure supported on So (the sphere of radius 
d(x,z') centered at x). We have just established however that the orbit of z' intersects So in a 
single point, so z' <up = z'. This applies to any z' so long as it is close enough to z = x, finishing 
the proof of Case 1. 

Case 2: z is in the interior of 7 . Let x' and z' be point in the intervals (x,z) and (z,y) of 
7 respectively and very close to z. 

By assumption, both x' and z are fixed by «p. This implies that z' <up is supported both on 
the geodesic sphere Si of radius d{x',z') around x' and the sphere S 2 of radius d(z,z') around z 
(see the figure below). 



If x' and z' are close enough to z though (for example so that d(x', z') is smaller than the injectivity 
radius of (X,g)) these two spheres only intersect in z', and hence z 1 <tp = z!. This applies to all 
z' G ( z,y ), showing that indeed z is in the interior of the set (11). ■ 

Proof of Theorem 4.1 Throughout the proof we will assume that A is reduced (passing from p 
to p r does not affect the classical character of an action; see Remark 3.2). By Proposition 3.4, we 
will be done if we prove that every point of X that is generic in the sense of Definition 4.6 is a 
pivot. Consequently, this is now the goal. 

Let x G X be generic. We have to show that if V’ and p are states on A such that x’ = x<ip = x<\p 
is a point, then y <\ijj = y <up for every y G X (this is what it means for x to be a pivot; see 
Definition 3.3). 

Recall the notation p = poK (where k : A —> A was the antipode). We know from Corollary 2.2 
that x < (ipp) = x, so by Lemma 4.7 y < (i/xp) = y for all y G X. Applying <p to this last equality 
we get 

y<(ippp) = y<up. (12) 

Claim: y <1 ?/> is a point. Indeed, otherwise it would be a non-trivial (perhaps continuous, 
i.e. infinite) convex combination of points. Since <Tp preserves convex combinations and cannot 
compress a non-Dirac measure to a single point (e.g. because it cannot send distinct points to the 
same point by Corollary 2.2), 

y = y< (iplp) = (y<ip)<7p 

could not be a point. This proves the claim. It applies equally well to the state Tp, since x = x'<Tp = 
x < (so that we could substitute x', Tp, iji for x, and ip respectively). 
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This now means that <ip turns points into points, so by Corollary 2.2 < (ip<p) is the identity on 
X. But then the left hand side of (12) is y < and we get the desired conclusion: y <ij> = y < (p.W 

5 Negative curvature and rigidity 

The current standing assumptions are as follows: (X,g) is a compact connected Riemannian mani¬ 
fold, d is its geodesic metric, and p is an isometric action of a quantum group A on (. X , d). Moreover, 
we will henceforth assume that A is reduced. As observed before (e.g. in Remark 3.2 or the proof 
of Theorem 4.1) this is harmless for the purpose of showing that an action is classical. 

We will denote the closed ball of radius r centered at x by B(x, r ) and the corresponding sphere 
by S(x,r). For background on Riemannian geometry in general and negatively curved manifolds 
in particular we refer variously to [ 1 , 2 , 10 , 12 ]. 

We can now state the main result of the section. 

Theorem 5.1 If (X,g) has negative sectional curvature then p has finite orbits. 

In particular, by Theorem 4.1 we get 

Corollary 5.2 Under the hypotheses of Theorem 5.1 the action p is classical. ■ 

We will again work through a series of preparatory results, but we need some notation. 

Let p be a probability measure supported on the geodesic sphere of radius r around x G X 
and assume that r is small enough (this will typically mean smaller than the injectivity radius of 
(X,g)). We will talk about the geodesic connecting x and p\ this concept extends that of a geodesic 
connecting two points, and is defined as follows: 

Connect x to the points y in the support of p via arclength-parametrized geodesics 7 = 7 x<y 
respectively (so that 7 ( 0 ) = x and 7(7-) = y). The smallness assumption on r ensures that there is 
at most one way to do this for each y. 

Now simply “flow” p backwards along these geodesics to get probability measures p XyS supported 
on spheres of radius s < r centered at x. The process can even be continued at negative t to get 
probability measures p x p supported on spheres of radius \t\ = —t “on the other side” of x as 
compared to p. The following picture briefly describes the situation, 
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where the red arcs represent the supports of the respective measures y, s > 0 and t < 0 are real 
numbers, and in general, for u £ M, y u stands for j(u) with 7 = 7 x>y as in the discussion above. 
The measures y XjS for s ranging over say [— (r + e), r + e] for small e > 0 can be thought of as points 
of a geodesic connecting x and y = y X)T . 

In the next result we keep the notation we have just used: x, y £ X will be points such that 
r = d(x, y ) is smaller than the injectivity radius, and 7 is the arclength-parametrized geodesic from 
x to y. We set y u = 7 (u). 

Lemma 5.3 If <p £ S(A) is such that x' = x<up is a point, then denoting y = y x i >r = y<*p we have 

Vs < = Hx',8 

for all s £ \—e,r + e] for e > 0 such that r + e is smaller than the injectivity radius of X. 

Remark 5.4 In other words, <np turns a small portion of the geodesic connecting x and y into a 
small portion of the geodesic connecting x and y (see the discussion preceding the statement of the 
lemma). ♦ 

Proof We split it into several cases. 

Case 1: s < 0. If |s| = — s is small enough (which we assume it is), then d(x,y s ) = — s and 
d{y s ,y r ) = r — s. 

As in the proofs of Lemmas 4.3 and 4.7, <1 tp turns y s and y = y r into measures v and y supported 
on the spheres centered at x' of radii — s and r respectively. At the same time though, Theorem 1.12 
shows that there is a (y, ^-coupling supported on the set of pairs of points in X that are r — s 
apart. 

Now, the smallness of — s and r ensure that in the following picture, for every point z' on S[x! , r) 
the green spheres S(z', r — s) and S(x', — s) intersect in a single point, namely z' s = 7 x ',z'(s) (where 
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as before, 7 x ',z' is the arclength-parametrized geodesic from x' to z 1 ). 



The conclusion follows from this: Every point z' £ S(x', r ) determines a unique point z' s £ S(x', —s ) 
whose distance from it is r — s, and so the only measure v supported on S(x', — s) that could possibly 
admit a (//, i/)-coupling supported on pairs of points r — s away from one another is the flow of /r 
along geodesics through x', as described in the discussion preceding this lemma. 

Case 2: 0 < s < r. This is very similar to Case 1, so we will not argue in any detail; suffice it 
to say that this time around the relevant picture is 



S(z',r-s) 


where once more the green point where the green spheres intersect is z' s = 7 x ',z '( s )■ 
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Case 3: r < s. This is again entirely analogous, the picture 



being a schematic description of the situation. ■ 

Lemma 5.5 If the distance between y,z E X is smaller than the injectivity radius of X and Orb y 
and Ortn are finite, then every point on the geodesic connecting y and z has finite orbit. 

Remark 5.6 The conclusion of the lemma refers to the entire geodesic, extended indefinitely in 
both directions, not just the geodesic segment [y,z\. ♦ 

Proof Let r = d(y, z) and denote by 7 the arclength-parametrized geodesic starting out from y 
towards z. We divide the proof into several parts. 

Step 1: The geodesic segment [y, z] C 7 . Fix a point x on this segment and let x' = x <<p 
be a point on the orbit Orb x for ip E S(A) (all points on the x-orbit are of this form for some <p\ 
see e.g. Corollary 2.3). 

Now, Lemma 5.3 applied to x and x' = x < ip shows that p = y <up and v = z <1 ip are obtained 
from one another by flowing along geodesics through x 1 , as sketched in the picture 
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(the black and red arcs representing the supports of p and v respectively). In particular, x' sits 
on at least one geodesic segment of length r between points y 1 € Orb y and z' € 0 rb 2 such that 
d(x',y') = d(x,y) and d(x',z') = d(x,z). By assumption, there are only finitely many choices 
for the endpoints x', y 1 of these segments, and hence only finitely many segments (because we are 
working at small enough length scales). Finally, this shows that there are only finitely many z 1 . 

Step 2: A geodesic segment of 7 slightly larger than [y,z\. This is very similar to Step 
1. Note that in the proof of the latter we used Case 1 of the proof of Lemma 5.3. This time around 
we will use Case 2 (or 3). 

Since the situation is perfectly symmetric in y and z we fix without loss of generality an x on 
7 such that z is in the interior of the geodesic arc [x. y\. 

As before, let x 1 = x<(f be a point in Orb x . If d(x, y) is smaller than the injectivity radius, then 
once more Lemma 5.3 shows that v = z<ip is obtained from p = y <up by flowing along geodesics 
through x : 


\ 

) 



We conclude as in Step 1. 

Step 3: All of 7 . An examination of the proof of Step 2 reveals that it extends the conclusion 
of the theorem to points on a geodesic segment of length r + e for some e > 0 depending only on 
r. We can keep applying this procedure to segments further and further out towards infinity, like 
say [ 7 (ne), 7 (r + ne)\ for integers n. These will cover all of 7 . ■ 

Before stating the next result we recall some terminology. 

Definition 5.7 An embedded submanifold M of X is totally geodesic ([12, Definition 2.80 bis] or 
[10, p. 132]) if for every point m £ M and every tangent vector to M at m the geodesic in X in 
the direction of v lies entirely within M. 

A subset S of X is convex if every two points in the closure of S are joined by a unique 
minimizing geodesic segment in X, and the interior of that segment is contained in S. 

S C X is locally convex if every point s £ S has a convex neighborhood in S. ♦ 

Remark 5.8 The notion of convexity in Definition 5.7 is called strong convexity in [10, Chapter 
3, § 4], ♦ 

Proposition 5.9 The set X FIN of points of X having finite orbit under p is a closed, totally 
geodesic, locally convex submanifold. 


19 


Proof Let Bclbea small convex open ball. Since X can be covered with such balls [10, Chapter 
3, Proposition 4.2], it suffices to show that the intersection S = X Fra D B is a closed, connected, 
totally geodesic and convex submanifold of B. 

On the other hand, once we prove that S' is a closed submanifold of B , connected, convexity 
and the fact that S is totally geodesic will follow: 

Connectedness is immediate from Lemma 5.5, which implies that any two points in S are 
connected by some geodesic segment contained in S, as is convexity. Finally, the totally geodesic 
property follows from the closure of S in B and the fact that a geodesic ray tangent to S and 
emanating from s € S is a limit of geodesic segments connecting s to other points in S, and all such 
segments are contained in S by Lemma 5.5. Hence, it remains to show that S is indeed a closed 
submanifold. 

Now let n be the largest dimension of a submanifold S' of B contained in S and choose an 
interior point s of S'. Consider the preimage exp ” 1 (S') C T S X of S' through the exponential map 
based at s. Since the exponential map is a diffeomorphism in some neighborhood of s in T S X (say 
in exp/(£»)), this preimage is a submanifold of the tangent space T S X containing zero. 

Claim: Some small neighborhood of s in exp//') coincides with a small neighbor¬ 
hood of a linear subspace of T S X. 

Indeed, otherwise the cone in T S X spanned by exp/(S') (i.e. the union of the rays passing 
through the points of the preimage) would contain some (n + l)-dimensional submanifold; in the 
picture below exp/ S is depicted as a curve and the so that n = 1 and the (n + l)-dimensional 
manifold we referred to just now will be swept by the straight segments based at 0 € T S X. 


0 exp/ (5') 



Since the image of this cone through exp s is contained in S by 
the maximality of n. This settles the claim. 

We now know that in a neighborhood of s the manifold S' 
exp s of T s S'. Enlarging S' if necessary, we can assume that 

S' = exp s (T s S') fl B. 

Claim: S" = S. In particular S is a submanifold, which as observed earlier will complete the 
proof of the proposition. 

The inclusion S' C S follows from Lemma 5.5 and the previous claim. 

To prove the other inclusion, consider the geodesic segment 7 from some arbitrary t € S to 
s. If 7 is not contained in S', then the tangent to it at s lies outside the subspace T s S' < T S X 
and the geodesic segments connecting t to points in a small neighborhood of s in S' sweep out an 
(n + l)-dimensional manifold contained in S by Lemma 5.5. 


Lemma 5.5, this would contradict 
coincides with the image through 
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Once more, this contradicts the maximality of n. This shows that as desired, the arbitrary point 
t € S is contained in S". ■ 


We remind the reader that a closed geodesic in X is a closed curve that is everywhere a geodesic 
(in other words, a geodesic 7 : M —> X such that 7 ( 5 ) = 7 [t] for some s / t). A result of E. Cartan 
states that for any non-trivial element a of the fundamental group 717 = 717 (X) there is a shortest 
loop in X representing a that is a closed geodesic ([10, Chapter 12, Theorem 2.2]). 

Denote by X the universal cover of X, equipped with the projection p : X —>• X\ it is a complete, 
connected and simply connected Riemannian manifold. We denote its own geodesic distance by d 
again, relying on context to distinguish this from the geodesic distance on X. 

717 acts by deck transformations on X ; following [1, § II.3] or [2, § 6.1], for a € 717 and a point 
x £ X we denote by d a (x) the distance d(x, ax). If 7 is a closed geodesic in the class of a € 717 as in 
the discussion above, then a fixes any lift 7 of 7 in X (see the proof of [10, Chapter 12, Proposition 
2 . 6 ]), and the length of 7 is exactly 


inf d a (x) = min d a (x). 
x£X x£X 

Let us now specialize to the situation covered by Theorem 5.1, when the sectional curvature 
of (X,g) is everywhere (strictly) negative. In that case, for every non-trivial element of 717 (X) 
the corresponding closed geodesic referred to above is unique (this is essentially the content of [ 10 , 
Chapter 12, Lemma 3.3]). 

The space of closed geodesics of a given length is compact with respect to the topology induced 
by the Hausdorff distance on closed subsets of X. If two such geodesics are too close to one another, 
then they must be in the same homotopy class. The uniqueness ensured by the negative curvature 
condition implies that the space of closed geodesics of a given length is also discrete, and hence 
finite. In particular, there are only finitely many closed geodesics of minimal length. 

Definition 5.10 A closed geodesic in X is minimal if it has minimal length among all closed 
geodesics. 

A point x £ X is minimal if it lies on one of the finitely many minimal closed geodesics. ♦ 
The notion of minimal point will be helpful for us for the following reason. 

Lemma 5.11 Under the hypotheses of Theorem 5.1 the orbit of any minimal point of X consists 
of minimal points. 

Proof Let x be a point on the minimal-length closed geodesic 7 , and let y £ 7 be the point farthest 
from x. In other words, r = d(x, y) is half the length of 7 and also equal to the injectivity radius 
of X. 

Let p £ S(A) be a state such that x' = x < p is a point. As in the proof of Lemma 4.3, the 
probability measure y < p is supported on the sphere S(x',r). Moreover, applying Lemma 5.3 to 
both halves of the geodesic 7 connecting x and y it follows that there are geodesic loops of length 
2 r based at every point in the support of y < p (and passing through x'). 

By the minimality of the closed geodesic length 2r, all of the above loops must be closed 
geodesics (otherwise there would be strictly shorter closed geodesic representatives in their respec¬ 
tive homotopy classes, as in the proof of [10, Chapter 12, Theorem 2.2]). ■ 

Lemma 5.12 Under the hypotheses of Theorem 5.1 the set X FIN C X of points with finite orbit is 
non-empty. 
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Proof Let x £ X be a point whose distance £ to the union Y of minimal closed geodesics is as 
large as possible, and x' = x < ip, p £ S(A) a point in the orbit of x. By Lemmas 4.2 and 5.11 the 
distance from x' to Y is again £. Hence, it suffices to prove that the set 

{z £ X I d(z,Y ) = ma xd(z',Y)} 
z'ex 

is finite; this is what the next lemma does. ■ 

Lemma 5.13 In the setting of Theorem 5.1, letY C X be a closed finite union of connected totally 
geodesic submanifolds. The set of points x £ X where the maximal distance from Y is achieved is 
finite. 

Remark 5.14 We need to allow unions of submanifolds rather than just plain submanifolds in 
order to be able to apply Lemma 5.13 in the proof of Lemma 5.12. This is because in principle, 
two different closed geodesics might intersect. ♦ 

Proof We may as well assume Y c X is proper, i.e. £ > 0 .Write Y as a union of finitely many 
connected totally geodesic submanifolds Y % of X. 

X can be realized as the quotient n\\X of the universal cover of X by the fundamental group 
7 Ti = tti(X). The preimage of Tj through the quotient map p : X —>• X consists of copies Yff of 
the universal cover of Y t that are translates of one another by the action of 7 Ti. All Y- are closed, 
connected totally geodesic submanifolds of X. 

Let 

t = max d(x, Y). 
x£X 

Moving up to the universal cover, the maximality of £ means that the closed “tubes” 

T/ = B (y?,£) = {x£X\d (x, P/) < £} 
cover X sharply, in the sense that for no e > 0 is the union 

[J 

hi 

all of X. Moreover, the set S(Y,£ ) C X of points whose distance from Y is precisely £ is the image 
through p : X —> X of the set of points S [p~ 1 (Y),£) that are not in the interior of any of the tubes 
T- . We will refer to such points as liminal. 

We will show that the set S(Y,£ ) is discrete; since it is also closed, it must be finite. To this 
end, fix x € S(Y,£ ) and let x £ p^ 1 (x) C X be a lift of x. 

The set T of tubes T- intersecting (and hence covering) a small ball B around x is finite; we 
henceforth restrict our attention to these. 

Suppose there are liminal points y £ B arbitrarily close to but different from x. Such y would 
have to be on the boundary or outside every T- £ T. Now note that the function dl : X —> ]R>o 
defined by 

X3y^d(y,Y^ 

is strictly convex , in the sense that its composition with every geodesic 7 : R — > X satisfies 
(dj o 7 ) (tit + (1 — t)v) < t(d{ o 7 ) (it) + (1 — t)(d{ o 7 )(u), Vit, w£l and t £ [ 0 , 1 ] 


22 


(‘strictly’ because we have strict inequality). Indeed, [1, Corollary 1.5.6] implies that if X has 
non-positive curvature then the distance from a convex subset of X in the sense of Definition 5.7 
(such as Y' r ) is convex. That proof is easily tweaked to show strict convexity when the curvature 
of X is strictly negative. 

Now, since dj (y) > i = d\ (x) for all T- £ T, the strict convexity implies that a point S' £ B on 
the geodesic 7 through x and y and sitting on the other side of y as compared to x 




will satisfy dj (S) > t for all T■ £ T. But this means that z is not contained in any member of T, 
contradicting the fact that these tubes cover B. ■ 

Proof of Theorem 5.1 We have to show that the set Win C X consisting of points with finite 
orbit actually coincides with X ; this will be a simple matter of putting together the various pieces 
of the argument we have sketched so far. 

We know from Lemma 5.12 and proposition 5.9 that Win is a non-empty closed totally geodesic 
submanifold of X. But then, if it were proper, Lemma 5.13 would ensure the existence of a point 
x £ X \ Win having finite orbit and hence lead to a contradiction. The conclusion Win = X 
follows. ■ 
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